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Abstract
An oriented k-graph is said to have Property O if for every linear order of the vertex
set, there is some edge oriented consistently with the linear order. Recently Duffus, Kay
and Ro¨dl investigated the minimum number f(k) of edges in a k-uniform hypergaph with
Property O. They proved that k! ≤ f(k) ≤ (k2 ln k)k!, where the upper bound holds for
sufficiently large k. In this short note we improve their upper bound by a factor of k ln k
showing that f(k) ≤ (⌊k
2
⌋+ 1) k!− ⌊k
2
⌋(k − 1)! for every k ≥ 3. We also show that their
lower bound is not tight. Furthermore, Duffus, Kay and Ro¨dl also studied the minimum
possible number n(k) of vertices in an oriented k-graph with Property O. For k = 3 they
showed that n(3) ∈ {6, 7, 8, 9}, and asked for the precise value of n(3). Here we show that
n(3) = 6.
1 Introduction
Extremal combinatorics is one of the central branches of modern combinatorial theory, which
has developed spectacularly over the last few decades. A typical problem in extremal combi-
natorics has the following form: What is the maximum or minimum size of a finite structure
which satisfies certain properties? One of the most famous example is Property B, first intro-
duced by Bernstein in 1908 [2] (see [1] for a good overview), asking for the minimum number
of edges in a k-uniform hypergraph such that every two colouring of its vertex set has a
monochromatic edge.
Recently Duffus, Kay and Ro¨dl [3] introduced an analogue to Property B, called Property
O, with colouring replaced by order. An oriented k-graph is a pair H = (V, E), where V is a
finite set, and E is a family of k-tuples of V such that no k-tuple has a repeated element, and
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no two k-tuples induce the same set. We say V is the vertex set of H, and E is the edge set
of H. In the case that E contains a k-tuple for each k-subset of V , call H a k-tournament. A
tuple (x1, x2, . . . , xℓ) of distinct elements of V is said to be consistent with a linear order <
on V if x1 < x2 < . . . < xℓ.
Definition 1.1 (Property O). Given an oriented k-graph H = (V, E), we say that H has
Property O if for every linear order < of V , there exists an edge ~e ∈ E that is consistent
with <. Furthermore, let f(k) be the minimum number of edges in an oriented k-graph with
Property O. That is,
f(k) := min{|E| : there exists an oriented k-graph H = (V, E) with Property O}.
It is easy to check that f(2) = 3 and an example for the upper bound is an oriented 3-cycle.
Duffus, Kay and Ro¨dl [3] initiated the study of f(k), and established the following general
bounds.
Theorem 1.2 (Duffus–Kay–Ro¨dl). The function f(k) satisfies
k! ≤ f(k) ≤ (k2 ln k)k!,
where the lower bound holds for all k and the upper bound holds for k sufficiently large.
Note that the lower bound follows from a simple counting argument, which we include
here for convenience of the reader. Suppose that H = ([n], E) is an oriented k-graph that has
Property O. Then every edge ~e ∈ E is consistent with exactly (nk)(n − k)! = n!k! linear orders
on [n]. Since H has Property O, we must have |E| · n!k! ≥ n!, implying f(k) ≥ k!.
For the upper bound, Duffus et al. showed that a random k-tournament on n = (k/e)2(π ·
exp(e2/2) · k3 ln k)1/k vertices with (nk) < k2 ln(k)k! edges has Property O with positive prob-
ability. Furthermore they proved that almost all k-tournaments with (1− o(1))√k · k! edges
do not have Property O.
In this note we show that the lower bound in Theorem 1.2 is not tight, and the upper
bound in Theorem 1.2 can be improved by a factor of k ln k.
Theorem 1.3. For every integer k ≥ 3, we have
k! + 1 ≤ f(k) ≤
(⌊
k
2
⌋
+ 1
)
k!−
⌊
k
2
⌋
(k − 1)!.
In Subsection 2.1 we provide an explicit construction for showing the upper bound, and
in Subsection 2.2 we give a proof for the lower bound.
Another natural problem posed by Duffus, Kay and Ro¨dl [3] is to determine the minimum
number of vertices in an oriented k-graph with Property O.
Definition 1.4. For k ≥ 2 we define
n(k) := min{|V | : there exists an oriented k-graph H = (V, E) having Property O}.
Duffus et al. proved 6 ≤ n(3) ≤ 9; for the upper bound they gave a construction and the
lower bound was obtained via an exhaustive computer search. In Section 3 we show n(3) = 6
by providing two different constructions.
2
2 Proof of Theorem 1.3
2.1 Upper bound
In this subsection we will construct an oriented k-graph with
(⌊
k
2
⌋
+ 1
)
k!−⌊ k2⌋ (k−1)! edges
possessing Property O. To aid the reader, we first describe the idea behind our construction
for the case k = 3.
We start by defining two edges (x, y, a) and (y, x, b). Any ordering is consistent with the
relative order of exactly one of these edges with respect to the positions of x and y. If it
happens to be x < y, but the edge (x, y, a) is not consistent with the ordering, then there are
two possibilities for the position of a with respect to both x and y. For each possibility we
introduce one new vertex and two edges, such that at least one of them is consistent with the
ordering.
Warm-up. There is an oriented 3-graph with 10 edges having Property O.
Proof. Let H be an oriented 3-graph with vertex set V = {x, y, a, b, c, d, e, f}, and edge set
E = {(x, y, a), (a, x, c), (c, x, y), (x, a, d), (d, a, y), (y, x, b), (b, y, e), (e, y, x), (y, b, f), (f, b, x)}.
Clearly H has 10 edges. It remains to show that H possesses Property O. Let < be an
arbitrary ordering of V . Since either x < y or y < x, let us first suppose x < y. If the edge
(x, y, a) is not consistent with <, then we either have a < x < y or x < a < y. If a < x < y,
then either (a, x, c) or (c, x, y) is consistent with <. On the other hand, if x < a < y, then
one of the edges (x, a, d) and (d, a, y) is consistent with <.
Now, if y < x but (y, x, b) is not consistent with <, then either b < y < x or y < b < x. In
the first case one of the edges (b, y, e) and (e, y, x) is consistent with <, and in the latter one of
the edges (y, b, f) and (f, b, x) is consistent with <. Hence H has Property O, as desired.
To prove the upper bound in Theorem 1.3, we will generalise the above construction.
We begin with (k − 1) + (k − 1)! vertices x1, . . . xk−1, a1, . . . , a(k−1)!, and (k − 1)! edges
(π1, a1) , . . . ,
(
π(k−1)!, a(k−1)!
)
, where π1, . . . , π(k−1)! are permutations (viewed as (k−1)-tuples)
of {x1, . . . , xk−1}. Let < be any linear order of the vertices. We can find j ∈ [(k − 1)!] such
that πj is consistent with <. If the edge (πj, aj) is not consistent with <, then there are
(k − 1) possible locations for aj (in the restriction of < to x1, . . . , xk−1, ai). For each possi-
bility we introduce one new vertex and
⌊
k
2
⌋
+ 1 edges such that at least one of the edges will
be consistent with <. More details can be found below.
Proof of Theorem 1.3 (upper bound). We will construct an oriented k-graph H = (V, E) with
Property O, where |V | = k! + k − 1 and |E| = (⌊k2⌋+ 1) k!− ⌊k2⌋ (k − 1)!. Let the vertex set
of H be
V =
{
x1, x2, . . . , xk−1, a1, . . . , a(k−1)!, a
(1)
1 , a
(2)
1 , . . . , a
(k−1)
1 , . . . , a
(1)
(k−1)!, a
(2)
(k−1)!, . . . , a
(k−1)
(k−1)!
}
.
Let π1, . . . , π(k−1)! be all possible permutations of {x1, . . . , xk−1}, viewed as (k − 1)-tuples.
The edge set E of H is then defined as follows.
(1) Put all k-tuples of the form (πj , aj) into E . Note that there are (k − 1)! such k-tuples.
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(2) For each j ∈ [(k − 1)!] we will add (k − 1) (⌊k2⌋+ 1) edges to E as follows. For ev-
ery i ∈ [k − 1] and ℓ ∈ {1, 3, . . . , 2 ⌊ k2⌋ − 1, k}, let π(i)j be the k-tuple obtained by
inserting aj into the i-th position of πj, and let π
(i,ℓ)
j be the k-tuple obtained by re-
placing the ℓ-th element of π
(i)
j with a
(i)
j . For instance, if k = 4, πj = (x1, x3, x2) and
i = 2, then π
(2)
j = (x1, aj , x3, x2), π
(2,1)
j = (a
(2)
j , aj , x3, x2), π
(2,3)
j = (x1, aj , a
(2)
j , x2) and
π
(2,4)
j = (x1, aj, x3, a
(2)
j ). Finally, put π
(i,ℓ)
j into E .
It is clear that H = (V, E) is an oriented k-graph with |V | = k! + k − 1, and
|E| = (k − 1)! + (k − 1)
(⌊
k
2
⌋
+ 1
)
· (k − 1)! =
(⌊
k
2
⌋
+ 1
)
k!−
⌊
k
2
⌋
(k − 1)!.
To see that H has Property O, let < be an arbitrary linear order on V . Since {π1, . . . , π(k−1)!}
is the set of all permutations of {x1, . . . , xk−1}, there exists j ∈ [(k − 1)!] such that πj is
consistent with <. If the edge (πj, aj) is consistent with <, then we are done. Otherwise,
there is i ∈ [k−1] such that π(i)j is consistent with <. By a straightforward but slightly tedious
case-by-case analysis, one can show that one of the edges π
(i,ℓ)
j , ℓ ∈ {1, 3, . . . , 2
⌊
k
2
⌋ − 1, k},
will be consistent with <.
2.2 Lower bound
In this subsection we will prove the lower bound f(k) ≥ k! + 1.
Proof of Theorem 1.3 (lower bound). Suppose for the contrary that there exists an oriented
k-graph H = ([n], E) with Property O such that |E| ≤ k!. Observe that each edge ~e ∈ E is
consistent with exactly
(n
k
)
(n − k)! = n!k! linear orders of [n]. Since H has Property O, we
must have |E| · n!k! ≥ n!. Hence |E| = k!, and each linear order of [n] is consistent with exactly
one edge.
Write E = {~e1, . . . , ~ek!}. Without loss of generality we can suppose that ~e1 = (1, 2, . . . , k).
We associate to each permutation σ : [k]→ [k] a linear order σ¯ on [n], defined by
σ(1)
σ¯
< σ(2)
σ¯
< . . .
σ¯
< σ(k)
σ¯
< k + 1
σ¯
< k + 2
σ¯
< . . .
σ¯
< n.
For 1 ≤ i ≤ k!, let Si = {σ : ~ei is consistent with σ¯}. From the discussion above, we learn
that each permutation σ : [k]→ [k] is contained in exactly one Si, and so∑
1≤i≤k!
|Si| = k!.
Note that
|Si| = k!
(|~ei ∩ [k]|)! for every i ∈ [k!] such that Si 6= ∅,
since whether σ ∈ Si depends only on the relative order of ~ei ∩ [k]. This together with the
assumption that ~e1 and ~ei induce different k-sets implies that |S1| = 1 and |Si| is divisible by
k for i > 1. Therefore, we get a contradiction
0 ≡ k! =
∑
1≤i≤k!
|Si| ≡ 1 (mod k),
finishing our proof.
4
3 Oriented 3-graphs with Property O
In this section we will construct two oriented 3-graphs on 6 vertices having Property O.
Combined with the lower bound n(3) ≥ 6 given in [3], this shows n(3) = 6.
First construction We will inductively construct an oriented k-graph Hk = (Vk, Ek) with
Property O, where
|Vk| = 3 · 2k−2 and |Ek| = 3k−1 · 2(
k−1
2
). (1)
To begin, let H2 = (V2, E2) be an oriented 3-cycle. It is easy to see that H2 has Property O,
and the sizes of its vertex set and edge set are given by (1).
Suppose that we have constructed an oriented k-graph Hk = (Vk, Ek) with the desired
properties. Now make two disjoint copies HX = (X, EX ) and HY = (Y, EY ) of Hk = (Vk, Ek).
Let Hk+1 = (Vk+1, Ek+1) be an oriented (k + 1)-graph with vertex set Vk+1 = X ∪ Y , and
edge set
Ek+1 = {(x1, . . . , xk, y) : y ∈ Y, (x1, . . . , xk) ∈ EX}∪{(y1, . . . , yk, x) : x ∈ X, (y1, . . . , yk) ∈ EY } .
a0 a2 b0 b2
a1 b1
Figure 1: The oriented 3-graph H3 with the edge (a0, a1, b1) depicted.
Let us show that Hk+1 = (Vk+1, Ek+1) satisfies (1). Indeed, from the definition of Vk+1 and
Ek+1 we find |Vk+1| = 2|Vk| = 2 · 3 · 2k−2 = 3 · 2k−1, and
|Ek+1| = |Vk+1| · |Ek| = 3 · 2k−1 · 3k−1 · 2(
k−1
2
) = 3k · 2(k2).
To see that Hk+1 has Property O, let < be any linear order on Vk+1. We can find an edge
of Ek+1 which is consisten with < as follows.
(1) Suppose first that there is some vertex y ∈ Y such that y > x for all x ∈ X. Because
HX is isomorphic to Hk, some tuple (x1, . . . , xk) ∈ EX must be consistent with <. Since
y > xk, the edge (x1, . . . , xk, y) is consistent with <.
(2) Suppose now that there exists x ∈ X such that x > y for every y ∈ Y . By the same
argument as above, we can show that some edge of the form (y1, . . . , yk, x) is consistent
with <.
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Second construction The second example is a simple modification of the construction
given in Section 2. Instead of using the vertices e and f , we can use c and d again: Simply
replace e by d and f by c. So we get an oriented 3-graph H with vertex set V = {x, y, a, b, c, d}
and edge set
E = {(x, y, a), (a, x, c), (c, x, y), (x, a, d), (d, a, y), (y, x, b), (b, y, d), (d, y, x), (y, b, c), (c, b, x)}.
One can use the same proof to show that H possesses Property O.
4 Concluding Remarks
In this note we have shown that k! + 1 ≤ f(k) ≤ (⌊k2⌋+ 1) k!− ⌊k2⌋ (k − 1)! for every k ≥ 3.
The main open problem regarding the asymptotic behaviour of f(k) is the following.
Problem 4.1 (Duffus–Kay–Ro¨dl [3]). Is it true that f(k)k! →∞ as k →∞?
We believe that the answer should be yes. However, we have not even been able to show that
there is some absolute constant c > 1 such that f(k) > ck! for k sufficiently large. Of course,
any improvement of the upper bound would be interesting as well.
Recall that n(k) is the minimum possible number of vertices in an oriented k-graph with
Property O. It is easy to see that n(2) = 3, while showing n(3) = 6 requires some effort (see
Section 3). This is all we know about the precise values of {n(k)}k≥2. However, for large k,
one can determine n(k) asymptotically. Indeed, a trivial lower bound on n(k) is
(
k
e
)2
, since
the number of edges is at least k! and at most
(n(k)
k
)
. On the other hand, Duffus et al. [3,
pp. 3–4] showed that a random k-tournament on n =
(
k
e
)2
(π · exp(e2/2) · k3 ln k)1/k vertices
has Property O with positive probability. Hence
n(k) ≤
(
k
e
)2
(π · exp(e2/2) · k3 ln k)1/k = (1 + o(1))
(
k
e
)2
,
and so n(k) = (1 + o(1))
(
k
e
)2
.
The second construction in Section 3 has fairly few edges, namely 10, and n(3) = 6
vertices. This naturally leads us to the following question.
Problem 4.2. Let k ≥ 3 be an integer. Is there an oriented k-graph with n(k) vertices and
f(k) edges having Property O?
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